We consider the Schwinger effect in confining phase by using a holographic setup.
It is interesting to consider the Schwinger effect in the context of the AdS/CFT correspondence [4] [5] [6] . First, we have to realize a system coupled with a U(1) gauge field. It can be realized basically via the Higgs mechanism with the breaking of the gauge group from SU(N + 1) to SU(N) × U(1) . Then the fundamental scalar fields, which belong to the W-boson supermultiplet and are often called "W-bosons" or "quarks", are coupled to a U(1) gauge field as well as an SU(N) one (We will call them W-bosons hereafter). The
Coulomb potential between them is also computed in the holographic setup [7, 8] . Hence we can consider the pair production rate of the W-bosons via the Schwinger effect [9, 10] .
In the setup proposed by Semenoff and Zarembo [10] , the probe D3-brane is located far from the boundary so as to make the mass of W-bosons lighter, rather than infinitely heavy. The exponential factor in the production rate of W-bosons is evaluated from the string world-sheet attaching to the probe D3-brane. The string solution is obtained by terminating the one for a circular Wilson loop [11, 12] at the location of the probe D3-brane. Then the value of a critical electric field, for which the potential barrier vanishes, agrees with the one obtained from the Dirac-Born-Infeld (DBI) action. This is compatible with the stringy Schwinger effect [13, 14] . The setup in [10] has been generalized to the pair production of monopole-antimonopole pairs and dyon-antidyon pairs [15] and the case with magnetic fields [16] .
The same result on the critical electric field has also been reproduced from the potential analysis [17] . The advantage of this procedure is that we do not have to take account of fluctuations around a circular Wilson loop (For attempts to evaluate the fluctuations around a circular Wilson loop, see [18] [19] [20] ). Thus the results in [17] give a strong support for the proposal of Semenoff and Zarembo from another perspective.
In this letter we will apply the potential analysis to confining theories with a holographic setup. Although there are various confining backgrounds, we will focus upon here 1) D3-brane and 2) D4-brane backgrounds, where one of spatial directions is compactified on an S 1 circle with the (anti-)periodic boundary conditions for bosons (fermions) [21] . For both cases, the total potential has two critical values of the electric field. The first is the same as the one in the Coulomb phase. The potential barrier vanishes at the critical value and the vacuum becomes unstable catastrophically. The second one is intrinsic to the confining phase. The critical value of the electric field agrees with the confining string tension. Below this value, the potential tends to diverge at infinitely long distances and thus no Schwinger effect occurs. When the electric field dominates the confining string tension, the potential vanishes at infinity and hence the Schwinger effect can occur as a tunneling process.
Confining D3-brane background
Let us perform the potential analysis for the confining D3-brane background.
The background metric in the Lorentzian signature is given by [22] 
where the ten-dimensional spacetime coordinates are described by x µ (µ = 0, . . . , 9) and dΩ 5 is the line element of S 5 with the unit radius. The AdS radius L is related to the gauge-theory parameter as L 2 = √ λ α ′ (λ ≡ 4πg s N: 't Hooft coupling). Note that the metric (2.1) contains the scalar function
Here r t (≥ 0) is interpreted as the inverse compactification radius in the x 3 -direction. As r t grows, the radius tends to shrink. Also, r t plays the role like "temperature". When r t = 0 (zero temperature) , the usual AdS 5 × S 5 background is reproduced.
We are concerned with the classical solution of the fundamental string on the background (2.1). We will work in the Euclidean signature after performing a Wick rotation to the metric (2.1). The Nambu-Goto (NG) string action is given by
Here T F = 1/2πα ′ is the string tension and the string world-sheet coordinates are described by τ and σ .
We work with the static gauge
and suppose the ansatz for the radial direction, r = r(σ) , the others are constant.
Then the ansatz leads to the following expression,
The analysis below is almost parallel to the one in [17] . Now that L does not depend on σ explicitly, one can obtain the conserved quantity,
By imposing the boundary condition at σ = 0 ,
the conserved quantity is written as
Equation (2.7) can be rewritten as
The configuration we consider is depicted in Fig. 1 . It would be worth noting the relation between the present configuration and the previous one discussed in [17] . In the previous analysis [17] , a temporal Wilson loop is considered with the (Euclidean) black three-brane background [23] , while now a temporal Wilson loop is discussed in the confining background (2.1). When we consider a spatial Wilson loop in the (Euclidean) black three-brane background, the analysis completely agrees with the present one.
By solving the differential equation (2.8) under the boundary condition (2.6), the distance x between W-boson and anti W-boson is obtained as
where the following dimensionless quantities have been introduced,
By putting (2.8) into (2.4) and removing the derivative of r(σ) , the classical action is evaluated. Then the potential energy (PE) between the W-bosons including the static energy (SE) is obtained as
Let us here comment on the a → b limit (which corresponds to x → ∞). Then the potential is given by
The first term represents a linear potential and the string tension σ st (not confusing with the string tension T F ) is given by
and the well known result is reproduced. The second term is rewritten as
where m W is the W-boson mass. Hence it can be understood as the static energy of a pair of W-bosons.
Thus the total potential energy V tot , including the energy of the external electric field,
where we have introduced the following quantities,
Here E c corresponds to the critical electric field obtained from the DBI action. Note that E c is not modified even after the compactification, because the electric field is turned on the x 1 -direction while the x 3 -direction is compactified.
One can see the shape of the total potential numerically. The total potential with b = 0.5 is plotted for α = 0.1, 0.25, 0.6, 1.0 and 1.3 in Fig. 2 . The potential behavior for the values of α > 0.25 is the same as in the Coulomb phase [17] . The finiteness at the origin is quite similar to the one in non-linear electrodynamics [24] . A remarkable point intrinsic to the confining phase is that the potential becomes flat as x → ∞ when α = 0. 
The analytic evaluation of the potential behavior
So far, we have argued the potential shape numerically, but it is still important to evaluate the values of the critical electric fields analytically.
First of all, let us consider the critical electric field above which the Schwinger effect can occur. It is helpful to rewrite the total potential as follows:
We would like to show that the potential becomes flat around x → ∞ when α = b 2 . Due to the condition α = b 2 , the first term vanishes. In order to see the potential behavior around x → ∞ , we take the limit a → b . Then the second term becomes constant. After all, the derivative of the total potential vanishes. Thus it has been shown analytically that the total potential vanishes around x → ∞ when α = b 2 . That is, when the electric field exceed
the total potential become flat as x → ∞ . Thus E s is regarded as the critical value above which the Schwinger effect is allowed to occur as a tunneling process.
Next let us consider the critical electric flux above which the potential barrier vanishes.
Then it is convenient to rewrite the total potential as follows: Here G(a) is a negative-definite and monotonically increasing function. By differentiating V tot with respect to x , we obtain
The first term in (2.17) vanishes when α = 1 . Then the derivatives are given by
Now it is an easy task to check that the second term in (2.17) vanishes around x = 0 (i.e. a = 1) . When a = 1 , the integrals in (2.18) and (2.19) vanish. Non-integral parts in both (2.18) and (2.19) diverge as a → 1 . But the divergence is canceled out in the expression (2.17) . Thus the derivative of the potential (2.17) vanishes around x = 0 when α = 1 , as we haven seen in the numerical plots.
It is worth noting the relation to the previous result obtained in [17] . The case with b = 0 corresponds to the zero temperature case, and hence the above argument supports the value of the critical electric field numerically evaluated in [17] . For the finite temperature case, the value of the electric field numerically shown in [17] is supported in the same way.
Confining D4-brane background
The next is to consider the D4-brane background case. The analysis is almost parallel to the D3-brane case in the previous section.
The metric of the confining D4-brane background is given by
When r t = 0 , the geometry is reduced to the near-horizon geometry of a stack of N D4-branes. The parameter r t plays a role of temperature again.
We are concerned with the Nambu-Goto string action on the background (3.1). The
Lagrangian is given by
Since L does not depend on σ explicitly, a conserved quantity can be constructed as the Hamiltonian with respect to σ , as in the D3-brane case. As a result, the following relation is obtained,
where we have assumed that the boundary condition at σ = 0 , dr dσ = 0 , r = r c (r t < r c < r 0 ) .
The condition (3.3) can be rewritten like the following differential equation,
By solving (3.5) under the condition (3.4) , the distance x between W-bosons is given by
By using (3.5) and rewriting the Nambu-Goto action, the potential energy including the static energy is evaluated as Then the total potential is given by §
where we have introduced the following quantities
The shapes of the potential for α = 0.1, (0.5) 3/2 , 0.6, 1.0 and 1.3 are plotted in Fig. 3 .
In total, the qualitative behavior of the potential is the same as in the case of D3-brane.
The potential becomes flat as x → ∞ when α = (0.5) 3/2 . This value corresponds to
The string tension of confining strings is balanced with the electric field and thus the potential becomes flat. The confining string tension dominates the electric field below α = b 3/2 and again no Schwinger effect occurs. § For the b = 0 case, the same potential with a specific value of the electric field is discussed in [25] .
The analytic behavior of the potential
Let us analyze the potential behavior analytically. The analysis is similar to the D3-brane case. The total potential can be rewritten as
One can immediately check that the total potential is flat around x → ∞ , when the electric field is above
The region of validity
Before closing this section, let us discuss the validity region of our computation. Note that there is no restriction in the case of D3-brane under the standard condition
For the D4-brane background, apart from the condition (3.9), the radial direction is restricted to some region so that the supergravity description is good. The region for the D4-brane case for b = 0 is shown as [26] 1
That is, the intermediate region of r is allowed for the supergravity description.
In the present case we should be careful for the two locations in the radial direction, 1) the position of the probe D4-brane r 0 and 2) the tip of the string world-sheet r c . First of all, the probe D4-brane is assumed to be put in the region (3.10) . Then the problem happen when the tip hit on the lower bound of the condition (3.10) . This implies that the upper bound exists for the range of the distance x between the W-bosons, though it seems difficult to evaluate the upper bound analytically. This is the scenario for the b = 0 case.
For b = 0 , the lower bound of the condition (3.10) may be modified. When r t < √ α ′ /Ng s , there is no modification and the previous argument holds. However, when r t > √ α ′ /Ng s , the lower bound is replaced by r t and thus the condition for the supergravity approximation does not leads to the upper bound of x .
Conclusion and discussion
We have performed the potential analysis for confining D3-brane and D4-brane backgrounds. For both cases, we have found the critical electric field above which the potential barrier vanishes and the system becomes unstable catastrophically. An intriguing point is that no Schwinger effect occurs when the electric field is smaller than the confining string tension. In other worlds, the tunneling process is allowed when the electric field dominates the confining string tension.
The next interesting problem is to consider the Schwinger effect in QCD-like theories with the holographic setup. For this purpose, it is necessary to proceed the analysis furthermore. An intriguing issue is to argue how to realize non-abelian Schwinger effect [27] [28] [29] in the holographic framework, for example, the Sakai-Sugimoto model [30] . We believe that the understanding obtained here would be a key ingredient in this direction.
